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IN HIS beautiful paper [26] C. T. C. Wall made a detailed study of locally homogeneous 
geometric structures on compact complex surfaces and, more generally. on closed smooth 
4-manifolds. It is the purpose of this note to correct an error in the treatment of hyperbolic 
manifolds in [26]. We take this opportunity to include a few remarks on other topics 
discussed in [26] and to update the references. 
This paper is not intended to be understandable without reference to [26]. We generally 
refer to [26] as [W] and to reference [n] in [W] as [Wn]. 
1. lIYI’ERROI.IC MASII;OI.I)S 
We begin with an elcmcntary dbscrvation. 
Proo/: The Gauss -Bonnet -Chcrn--W&l formula for the Euler characteristic in dimcn- 
sion 4 is 
with s the scalar curvature, W the Weyl tensor and Ric, the traccless Ricci tensor. 
A hyperbolic manifold is Einstein (Ric,, = 0) and conformally flat (W = 0) and we may 
normalize s = - I. Then 
X(M) = & s I ---sz = I .u 24 Y co/(M) > 0. 192x- 
QED 
Remurk I. This argument can be generalized in various directions to yield the 
Hitchin-Thorpe inequality x(M) 2 jla(M)I for Einstein 4-manifolds and the Chern-Milnor 
inequality x(M) 2 0 for 4-manifolds all of whose sectional curvatures have the same sign. 
In any even dimension it gives x(iz1) = c,aol(bf) with siyn(c,) = ( - I)’ for hyperbolic 
Zk-manifolds, a fact first noticed by Chern. Compare [ZO]. 
In view of Lemma I. Theorem 6.1 in [W] should list the model space X = W4 in the 
class ofgeometries giving manifolds with a(h1) = 0, x(lzf) > 0 instead of x(,V) < 0 as stated, 
together with its compact dual SJ and the pair of mutually dual symmetric spaces Hz x Hz 
and S2 x S’. (The space S’ x W* remains in a class by itself, being “self-dual”.) 
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The sign of the Euler characteristic of a hyperbolic manifold is already wrong in Wall’s 
earlier paper [W49]. p. 289. It is used there only to conclude that H’ is not Hermitian 
symmetric. This is indeed standard and can be proved by a Lie algebra calculation as 
mentioned in [W49] p. 275. Cf. [9]. 
Thus Theorem 1.1 of [WJ, quoted from [W49], is not affected. However, the third case 
considered in the proof of the main Theorems 10.1 and 10.2 is now incomplete. To prove 
Theorem 10.1 (“homotopy type determines geometry”) one needs the following proposition. 
PROPOSITION 1. Geometric closed 4-manfolds modelled on 0-U’ x W’ and WJ respectively 
are never homotopy equivalent. 
The missing part of Theorem 10.2 is the next proposition. 
PROPOSITION 2. There is no compact complex surface homotopy equivalent to a closed 
hyperbolic 4-manifold. 
Prouj: Let &I be complex, N be hyperbolic andj IV -+ N be a homotopy equivalence. 
We have cf(i21) = 3a(,%I) + Zx(icl) = 3a(N) + 2x(N) = 2x(N) > 0 by Lemma I. Now 
cf(nf) > 0 and cz(fU) > 0 imply, by the Enriques-Kodaira classification of complex sur- 
faces [WZ], [W3], that izI is either rational or a surface of gcncral type. The first is 
impossible bccausc rational surfaces are simply-conncctcd. 
As M and N arc compact and N has ncgativc sectional curvature, WC may assumefto be 
harmonic [8]. Now i%I is of goncral type and thcrcforc Kihlcrian [WX], [W29], so that by 
Sampson’s theorem [ I93 any harmonic mapj! M + N has rank at most 2. This contradicts 
the assumption that f is a homotopy cquivalcncc. QED 
J. A. Carlson and D. Toledo [2] have proved the most gcncral results of this type. One of 
their thcorcms is the following. 
THEOREM I [Z]. Let I- be the fundamental group of a compact hyperbolic mani/bld o/ 
dimension n > 2. Then I- is not the Jiindumentul group oj’uny compact Kiihler manijkld. 
WC will return to a discussion of this later. 
Proof of Proposition 1. As Hz x W * is complex Kahler this is a consequence of 
Proposition 2. Alternatively, it follows from Mostow’s strong rigidity theorem [ 173 because 
one of the model spaces has no I-U*-factor. QED 
2. SURFACES WIT11 NON-NEGATIVE SIGNATURE 
The following is Theorem 6.2 of [W]. 
THEOREM 2. For all complex surfaces of yenerul type c:(S) 5 3c2(S). The equality 
c:(S) = 3c,(S) holds i/and only fyS has a geometric structure oftype W*(C). 
In [W] this was ascribed to Yau [WSO] and Miyaoka [W33]. However, the character- 
ization of the case of equality does not follow from those references. Clearly, if S has a 
geometric structure of type W*(C) then c:(S) = 3c,(S). The converse follows from Yau’s 
theorem [WSO] if the canonical bundle KS is ample, in other words S does not contain any 
(-2)-curves. That this assumption is-always satisfied only follows from Miyaoka’s later 
work in [ 133. 
GEOMETRIC STRUCTURES ON COMPACT COMPLEX StiRFACES 319 
For an independent proof of Theorem 2 due to C. T. Simpson see [‘I]. Proposition 9.9. 
Complex surfaces with c:(S) > Zc,(S) have positive signature. or positive index in pre- 
Atiyah-Singer terminology. Except for P’(C) they are all of general type. These surfaces 
attracted a lot of attention for some years, mainly due to a dearth of examples. A note added 
in proof to [W] (p. 136) mentioned the first construction of simply-connected surfaces in 
this class due to B. Moishezon and M. Teicher. Their construction has now appeared in 
[14], [IS]. The surfaces in question are smoothings of unions of projective planes. Another 
construction of simply-connected surfaces with positive signature has been given by Xiao 
Gang and Zhijie Chen [3]. This leads to hyperelliptic fibrations. 
Although there are now many different kinds of surfaces with positive signature. cf. [I]. 
the earlier feeling that they are special may yet be vindicated. In this direction Shin-Yi Lu _ 
and S.-T. Yau [12] have proved that surfaces in this class are C-hyperbolic, meaning that 
there is a proper subvariety V c S such that any non-constant holomorphic map 4: C + S 
has image contained in V. 
As noted in [W] p. 136. the zero signature example of Moishezon and Teicher [ 143, [ 151 
shows that surfaces of general type with c:(S) = 2c,(S), i.e. with zero signature. need not 
have a geometric structure of type W’ x Hz. Indeed a complete characterization of surfaces 
with this geometric structure parallel to the second part of Theorem 2 is still missing. 
However, there is the following partial result. 
THEOHEM 3 [Zl]. Let S he u CO~~~~~JC~ Kiihler sur-rce. lj TS = L, @I L, is u direct sum (!f 
line bundles ojdcgrccs c, ( Li) [(II] < 0 und Qct (S) = 2c2(S). then S bus u geometric structure of 
type w2 x w’. 
For surfaces with a gcomctric structure of type W2 x W’ thcrc is the following strcngth- 
ening of Thcorcm 10.2 in [W]. 
TIIKORKM 4 (IO]. Let M he u compuct complex surjuce homotopy eqttir.ulcnt to u compuct 
complex surface N with a geometric structure of type Hz x H 2. Then M also hus u geometric 
structure of this type. 
Moreover, i/ N is not covered by u product of compuct Riemunn surjkes, then, ufier 
possibly chunyiny orientutions suitubly, M und N ure biholomorphic. 
Thus, in this case the complex analytic structure is determined by the homotopy type. 
with the obvious exceptions. No such statement is true for surfaces without geometric 
structures, as shown by the existence of homeomorphic surfaces of different Kodaira 
dimension [W14]. It is conjectured that such pairs always give rise to exotic smooth 
structures detected by Donaldson theory [7]. In all cases where invariants have been 
successfully computed this conjecture has been verified. 
3. SURFACES OF CLASS Y/I, 
A compact complex analytic surface is of class VII, if it is minimal and has b,(S) = 1. 
Combining the results of M. lnoue [W23] and F. A. Bogomolov [WS]. [W6] one obtains 
the following theorem. (Cf. also [ 183.) 
THEOREM 5. A surfice is of class VII, with b,(S) = 0 und contains no curves i/and only if 
it is one o/tire surjhces S,. S,+, S, described in [ W233. (C/: [W] p. 145.) 
Wall showed that the Inoue surfaces S,, S,+ and S, are precisely those surfaces 
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admitting a geometric structure of type Sol,j, Sol; or Sol;’ ([WI, Prop. 9.1). This gives the 
following equivalent fomulation of Theorem 5. 
THEOREM 5 (his). A surface is of class VII, with b2(S) = 0 and contains no curues ifand 
only if it has a geometric structure of type Sol,*. Sol: or SO&~. 
This statement reveals the similarity with Theorems 2 and 3. It is then not surprising 
that Bogomolov’s arguments [WS], [W6] can be replaced by an argument using 
Yang-Mills theory. as observed by J. Li, Yau and F. Zheng [It], in the same spirit as 
Simpson’s proof [21] of Theorems 2 and 3. In both cases one proceeds by constructing a 
Yang-Mills connexion on a bundle satisfying a suitable stability condition. The assump- 
tions on characteristic classes then imply that this connexion is flat. In the situation 
considered in [Zl] this always works and the flat connexion provides the uniformization. In 
[l I] the required stability condition holds only if one assumes that the surface in question is 
not an Inoue surface. The existence of the tlat Yang-Mills connexion leads to a contradic- 
tion. 
These arguments are generalizations of S. K. Donaldson’s result in [6], which is itself a 
generalization of the theorem of M. Narasimhan and C. Seshadri [W36]. 
Thcorcm 10.1 in [W] asserts that if gcomctric closed 4-manifolds arc homotopy 
cquivalcnt, then their gcomctrics arc of the same type. Somctimcs more is true: up to 
normalization the manifolds arc cvcn isometric. This type of statcmcnt is known as strong 
rigidity. 
G. D. Mostow [ 171 proved that two homotopy cquivalcnt closed locally symmetric 
spaces of non-positive curvature arc isometric (up to normalization), unless they both have 
closed one or two dimensional gcodcsic subspaccs which arc locally direct factors. As we 
remarked earlier this implies Proposition 1. 
S.-T. Yau suggested that a similar result might be true for Kahler manifolds instead of 
locally symmetric spaces: If a compact Kshler manifold is homotopy equivalent to a 
suitably negatively curved compact Kihler manifold, then they are biholomorphic. 
Y.-T. Siu [24] proved the first such result, and since then many more have been proved, 
see e.g. Siu [25], J. Jost and Yau [lo] and N. Mok [ 163. Theorem 4 is an instance 
of this phenomenon. 
Proposition 2 that we need here to complete the proof of Theorem 10.2 in [W] is of a 
different kind. It mixes the two points of view above to compare a locally symmetric space 
with a KIhler manifold. This situation was first studied by J. H. Sampson [19]. whose main 
result we used in the proof. His method has been applied more systematically by Carlson 
and Toledo [2]. proving general theorems like Theorem 1. 
Finally, K. Corlette [4], [5] and Simpson [22], [23] develop the connections between 
this rigidity theory and Yang-Mills theory in the style of [63, [21]. 
All these methods work in arbitrary dimensions. In applications the results are a bit 
more powerful in low dimensions because they can be combined with the classification of 
structures (geometric, analytic, algebraic), which is more manageable in low dimensions. 
Conceptually, the 4-dimensional case is not distinguished. 
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